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Theoretical Basis of Isochronal and Modified
~sochronal Back-Pressure Testing of Gas Wells

By K. AZIZ'

ABSTRACT
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where t,lI is the total time elapsed since the commence­
ment of the ith flow rate, Pu is the dimensionles~

pressure evaluated at dimensionless time t.1l, m, iB
the ith dimensionless flow rate and j = 1, 2., .. " n.

BACK-PRESSURE TESTING

variations in these factors for the flow period of in­
terest. The variations are, however, small for the flow
periods during which a back-pressure test is eonduet­
ed, and the over-all effect of these changes is negli­
gible_ The solutions to eqzw.timz (1) for variolls bound­
ary conditions have been obtained. The case of con­
stant production rate is of interest here and has been
summarized by Aziz and Flock (2). The dimensionless
pressure at the sandface is given by

I
p~ = :2 (Inti + 0.RO~)7l (2)

Equation (2) applies if
100 ::; 1:.1 ::; t.l e (.'I)

''':here br is the dimensionle~s time before which the
reservoir behaves like an infinite reservoir. Note that
a complete solution of the boundary-value problemA
associated with equation. (1) yields PL as a function
of time and position in the reservoir. Here, only the
pressure at the sandface is of interest. Hence, PI ill
equation (2) and in the following development refer!!
to the sandface pressure, which is only a function of
dimensionless time.

The equation defining dimensionless pres!-;Ul'e rna)'
also be written as

(1)
aP,
at,

in dimensionless form,
I. m = dimensionless pressure

(PI' - P,')
P/!

The theory of gas well testing is briefly re'\'ie,yed and
the theoretical ,"alidity of the isochronal and the modi.
fied isochronal tests is demonstrated for conditions of
laminar flow_

where all variables are
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INTRODUCTION

T HE isochronal and modified isochronal methods of
gas well testing are in common use these days,

Both of these methods could be called unsteady-state
methods, as the reservoir is not required to reach
steady state during the course of these tests. The
practical utility of these test.s is well establi~hed, but
there seems to be no completely satisfactory disclls­
sion of their theoretical basis. The manual of gas well
testing published by the Oil and Gas Conservation
Board of Alberta (1) gives a theoretical explanation
for the isochronal test using the radius-of-drainage
concept. For the modified isochronal test, the analysis
presented in the Board manual is incomplete. In this
short paper, theoretical bases for both tests are de­
veloped from the unsteady-state theory.

Re;r;ew of Basit:. Theory

The problem of the radial unsteadJ!-state laminar
flow of a gas in a porous medium ma.y be approximat­
ed by

';~De'[)a1·t'mentof Chemical Engineering, The UniVeTSit!l
of CalgaTy, CalgaTY, Alta.

The factors Q* and t""'" are assumed to be constant.:;
in making the flo,...· equation dimensionless. This im­
plies that !La, Ta, Za and P, must be constant over the
duration of the flow test. Clearly, there will be some

2.634 x 10-' KP.t
~.,~ r,,:!

t d· . I .= ~ = IIIleIlSlOn ess tIme
The objective of a back-pressure test i:-l to obtain n

relationship of the form
Q ~ qP,' - P.')" (/;)

for steady-state flow in the reservoir. The Use of this
relationship is well known and will not be discussed
here. It is not alwaY3 possible or desirable to measure
the sandface pressure, P., (or the related well-hend
pressure) for various flow rates, Q, under steady­
state conditions, and techniques have been devised
which allow the prediction of the relationship of equa­
tion 6 from unstead~'-state testing.
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m, In \3/21
ml > > (lnb.t.I + .8097) (14)

Similarly, for the third flow rate (m,) the following­
may be derived

..--,

~>~ ..
':'";:'

(9)

(8)
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m, + m, In (5/4) +m,ln (3;2)
m, m, (Inb.t.I + .8097)

p r2 - P 83:!

PI:! - P81:!

log (PI' - P.,') - log (P,' - P,,')
log Q, log Q,

P,:! - P8.'i:!

Pf:! - PUI :!

which is the same as

log (PI' - P.,') - log (P,' - P••')
Q' Q,

log ~ -logQ*

or

Equation (9) may be verified by the use of the theory
of unsteady-state gas flow.

From equations (2) and (5), it follows that

P,' ~},." ~ m.(Y,(In,Ud + .8097) (10)

PI' P-;; p.,' = ~' (In 3ll.t.I + .8097) + (0-;;,')

(In 2ll.t.I + .8097) + (m, ~ 0 ) (lnll.t. + .8097) (11)

Equation (11) may be simplified to

Pr~ - P~32 rot 2 m,
P,' = T (In 3,>t" + In '>t.I) + "2 (Inb.t.I + .8097)

~ ~. In(3(2) + ";;' (Inb.t.I + .8097) (12)

Combining equations (10) and (12),

PI:! - P~3~ = m3 + In(3/2) (13)
PI' - P.,' m, Inll.t.I + .8097

It may be seen that the plot of log (Pl-P.') vs log Q
will yield a line of unitl~ slope for a modified isochro­
nal test provided that the last term on the right-hand

side in equation {1S) is much smaller than ~; i.e.m,

type of test.· Again, to demonstrate the theOl:etical
validity of the test, it is necessary to show that a plot
of Pl-P.' vs Q on log-log coordinates will yield a
line of unity slope. This may easily be done by making
use of equatio'1'l.. .5. To keep the treatment simple, con­
sider a test where a well is produced for a time .6,t
at a flow rate Q., at the end of which the sandface
pressure is P810 The well is then shut in for the same
time .6,t and then produced again at a flow rate QJ
for the time .c,.t. At the end of the second flow period,
the pressure at the sandface is P "'. It is desired to
show that

MODIFIED ISOCHRONAL TESTING

This type of test is similar to the isochronal test ex­
cept that the flowing time and the shut-in time after
each flow rate are deliberately made the same. Figure
2 shows qualitatively the pressure-time trace for this

ISOCHRON4L TESTING

In this type of test, a well is produced at a constant
flow rate for a fixed period of time and then the well
is shut in to allow the build up of pressure to a con­
stant value (close to originat shut-in pressure). This
procedure is repeated for other flow rates, with pro­
duction each time being for the same period. Figu?"(?,
1 shows schematically the usual type of variation of
P 3 with, time obtained in the isochronal testing of
gas wells. The values of Pl-P.' thus obtained are plot­
ted against Q on log-log paper. It is assumed that
the slope of the Pl-P.' vs Q plot for an isochronal test
will be the same as that of the corresponding steady­
state curve. Thus, from one steady-state measurement

. and the slope of the isochronal curve, the steady-state
relationship of the form of equation (6) may be con­
structed. Under ideal and laminar flow conditions,
the slope of the steadJr-state back pressure curve is
unity_ It is usually assumed that any deviations fi-om
llnitJ~ in the slope, due to turbulence or other factors,
will be the same regardless of the flow period chosen
for the isochronal test. The departure from unity of
the slope of a steadr-state back-pressure line may
be attributed to (1) turbulence or other factors which
make the Darcy's law inapplicable, (2) skin effect or
other reservoir inhomogenities and (3) two- or three­
dimensional flow effects. The over-all effect of such
factors is usually small, and it seems reasonable that
the slope of an isochronal test would be approximately
equal to the slope. of a steady-state test. Note that for
a very large flow period, the isochronal test becomes a
conventional steady-state back-pressure test. If the
assumptions stated above are justified, then all that
is needed is to show that undel: ideal and laminar
flow conditions the theoretical slope of the plot of an
isochronal test is unity. This may be done by sub­
stituting equation (2) in equation (I,) to obtain

P,' - P.' ~ Y,(lntd + .8097)PI'm
PI::!.

y,(lnt.I +8097) Q' Q

oc~-N~W ~)

P,:!
where C ~ Y,(lntd + .8097) Q'

is a constant, because td , Pr and Q;:. are all constants in
isochronal testing.

Equation (7) will therefore yield a line of unity
slope when plotted on log-log coordinates.
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Figure l.-l'anation of .sandface pressw·e with time.
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ill 'modified isoch?·onal testing.
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Again, for the test·to be valid

m,_ > > (m,ln(5/41 + m,ln(3/2) ) (l5)
mr mrln(.:ltl + .8097)

In most practical cases, .6tl1 is of the order of lW and
~onditions (14) and (15) are satisfied (1)_

ANOTHER MODIFICATION OF THE ISOCHRONAL TEST
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h pay thIckness in feet
Ie permeabLlitr in miltidarcys
m dimensionless gas flow rate
P.. average pressure m psia
P r shut-in formation pressure in psia
P, flowing sandface pressure in psia
P, dimenslOnless sandface pressure
Q gas flow ralc in millions of cubic feel per day at60°r;' and

H.65psi:'i
r radial distance from the center of well in feet
r,1 dimensionless radius
r. well radius in feel
T L average tempera.ture in 'T~

t,1 dimensionless time
Z., average compressibility
lJ.a averag'e Yiscosily in centipoise
Q porosity
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(16)
ml -I- tn (3/4)
m3 In .:It,1 + .8097

The test is conducted as shown in FigU1"C 2, but
the l'esults are plotted in a different manner (1). In
this type of a test, P:!'r-P:!'SI. P~<:!.-P~'1, p2SI-P l

S5, etc_. are
plotted against nil, m3, IDs. etc_. respectively. This test
may also be analyzed by the method used for the pre­
vious modification of the isochronal test. It may be
easily shown that for this test

P2.2 - P2~:l

p(2 _ P~12

p2p4 - P\/; = ~ + Inl In 115/16) + ID2 In (3/4) UtI
Pr: - Pd:1 rn, . nl, In(~tt + .B097)

It is interesting to note t.hat the modification of the
isochronal test presented in this section deviates by a
smaller amount from a line of unity slope than the test
of the previous sec.tion. It should also be noted that the
deviation is of the opposite sign in the h\'o cases.
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ful suggestions_

It has been shown that under ideal and lamina:'
flow conditions both the isodll'onal and modified iso­
chronal tests are theoretkally valid as long as the di­
mension time is larger than 100 but smaller than the
time at which the influence of the J'eservoit bounda­
ries is felt. For reasons stated earlier, this conclusion
should also be applicable under actual reservoir con­
ditions \..·here, due to "turbulence" and other factors,
the slope of the steady-st ate test line deviates some­
what fl'om unity.
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